Abstract. Let f : A −→ B be a ring homomorphism and let b be an ideal of B. In this paper we study Prüfer-like conditions in the amalgamation of A with B along b, with respect to f , a ring construction introduced in 2009 by D'Anna, Finocchiaro and Fontana.
Introduction
Prüfer domains, introduced by H. Prüfer in [35] , form a very relevant class of commutative rings. Throughout the years, this class was deeply studied by several authors (for a sistematic study see [17] ), so that many equivalent definitions of a Prüfer domain were given. For example, the notion of Prüfer domain globalizes the notion of valuation domain in a non local context. Moreover, the class of Prüfer domains is the natural generalization of the class of Dedekind domains in the non-Noetherian setting. Among the many equivalent conditions that make an integral domain A a Prüfer domain, we recall the following:
(1) Every finitely generated ideal of A is projective.
(2) A p is a valuation domain, for each prime (maximal) ideal p of A. (3) Every finitely generated ideal of A is locally principal. (4) If T is an indeterminate over A, every polynomial f ∈ A[T ] is a Gauss polynomial over A (i.e., c(f g) = c(f )c(g), for each polynomial g ∈ A[T ], where c(f ) denotes the content of the polynomial f ). (5) Every nonzero finitely generated ideal of A is invertible. In [26] , the notion of Prüfer domain was generalized to arbitrary (commutative) rings, possibly with zerodivisors. Other important contributions to the study of the previous conditions in rings with zerodivisors were given in [3] , [14] , [18] , [24] , [25] , [30] , [31] , [32] , [36] , etc. On the other hand, recently, in [2] , Bazzoni and Glaz showed, giving appropriate counterexamples, that none of the previous conditions is equivalent to the other, when A is a ring with zerodivisors. The fact that, in general, the rings satisfying previous Prüfer-like conditions are distinct classes of rings leads us to recall the following definition. 
) A is a Gauss ring if every polynomial f ∈ A[T ] is a Gauss polynomial over A. (P 5 ) A is a Prüfer ring if every regular and finitely generated ideal of
A is invertible.
In [2] , it is shown that, for each n ∈ {1, 2, 3, 4}, condition (P n ) implies condition (P n+1 ). More precisely, Bazzoni and Glaz proved that a ring A satisfies condition (P n ) if and only if A satisfies condition (P n+1 ) and the total ring of fractions Tot(A) of A satisfies condition (P n ). Moreover, it is proved that, if Tot(A) is an absolutely flat ring, then conditions (P n ) (n ∈ {1, 2, 3, 4, 5}) are equivalent on A.
Recently, J. Boynton in [6] studied Prüfer-like conditions in pullbacks. The use of pullbacks and fiber products of ring homomorphisms is a very powerful tool to produce interesting examples (see [16] , [19] , [20] ). Of particular interest are the pullbacks of the following type: let A ⊆ B be a ring extension such that A and B have a nonzero common ideal. In this case, call the conductor of B into A the largest nonzero common ideal to A and B. It is well-known that the conductor of such a ring extension A ⊆ B is c := (B : A) := {x ∈ A : xB ⊆ A} Thus, if π : B −→ B/c is the canonical projection, then A is clearly the inverse image π −1 (A/c) of the subring A/c of B/c. In his paper, Boynton describes the transfer of Prüfer-like conditions on this kind of pullbacks, under the assumption that the conductor of A ⊆ B is a regular ideal of B.
The aim of the present paper is to study Prüfer-like conditions on amalgamated algebras along ideals. More precisely, in [9] and [10] , the authors have introduced the following new ring construction. Given a ring homomorphism f : A −→ B and an ideal b of B, consider the subring
of A × B, called the amalgamation of A with B along b with respect to f . This construction generalizes the amalgamated duplication of a ring along an ideal (introduced and studied in [8] , [12] , [13] and in [33] [5] ) are related to it (see [9, Example 2.7] ). The level of generality choosen to define the amalgamation is due to the fact that the ring A ⋊ ⋉ f b may be studied in the frame of fiber product constructions. This allows to describe easily many algebraic properties of A ⋊ ⋉ f b, in relation with those of A, B, b and f . Moreover, the ring A is always embedded into the ring A ⋊ ⋉ f b, and the natural image of the ring The content of this paper is organized as follows: at the beginning, we prove that, under the assumption that the conductor of the ring extension A ⋊ ⋉ f b ⊆ A × B is regular, the ring A ⋊ ⋉ f b satisfies Prüfer-like conditions (P n ), for n ∈ {1, 2, 3, 4, 5}, only in the trivial cases.
Later, we investigate the general case (in which the conductor is not necessarily regular) and we provide sufficient and necessary conditions for A ⋊ ⋉ f b to satisfy conditions (P n ), for n ∈ {1, 2, 3, 4, 5}. The results of this paper form a part of author's thesis. The author is grateful to Marco Fontana, Stefania Gabelli and Sarah Glaz for their helpful comments and suggestions.
Preliminaries
We begin with some terminology and notation. In the following, with the term ring we will mean a commutative ring with multiplicative identity. We will call an element of a ring A a regular element if it is not a zerodivisor, and set Reg(A) := {a ∈ A : a is a regular element of A} Moreover, we will say that an ideal of A is a regular ideal if it contains a regular element of A. As usual, we will denote be Spec(A) the set of all prime ideals of A and sometimes, but not always, it will be endowed with the Zariski topology.
We collect in the following proposition several properties of the ring construction A ⋊ ⋉ f b, that follow easily from the definitions. 
The following statements hold.
is a surjective ring homomorphism and its kernel coincides with a.

Hence, we have the following canonical isomorphism:
A ⋊ ⋉ f b a ⋊ ⋉ f b ∼ = A a . (3) Let p A : A ⋊ ⋉ f b −→ A and p B : A ⋊ ⋉ f b −→ B be the natural projections of A ⋊ ⋉ f b ⊆ A×B into A and B, respectively. Then, p A is surjective and Ker(p A ) = {0} × b. Moreover, p B (A ⋊ ⋉ f b) = f (A) + b and Ker(p B ) = f −1 (b) × {0}.
Hence, the following canonical isomorphisms hold:
A ⋊ ⋉ f b ({0} × b) ∼ = A and A ⋊ ⋉ f b f −1 (b) × {0} ∼ = f (A) + b . (4) Let γ : A ⋊ ⋉ f b −→ (f (A) + b)/b be the natural ring homomor- phism, defined by (a, f (a) + b) → f (a) + b. Then γ is surjective and Ker(γ) = f −1 (b) × b. Thus,
we have the following natural isomorphisms
.
In particular, when f is surjective we have
Definition 2.2. Let ρ : A −→ C, σ : B −→ C be ring homomorphisms. We recall that the following subring 
Then, the following statements hold. 
Let A be a ring and p be a prime ideal of A. Recall that (A, p) has the regular total order property if, for each pair of ideals a 1 , a 2 of A, one at least of which is regular, the ideals a 1 A p , a 2 A p are comparable.
The following characterization of Prüfer rings will be useful. We recall it here for the reader convenience. 
Results when the conductor of the ring extension
As noted in [15, Lemma 1.50], the conductor of the ring extension
The following results show that when c is a regular ideal of A × B (i.e., if f −1 (b), b are regular ideals of A, B, respectively), then A ⋊ ⋉ f b satisfies Prüfer-like conditions (P n ) (n ∈ {1, 2, 3, 4, 5}) only in the trivial case. 
Sm is the ring homomorphism induced by f ). Now, pick regular elements (
is locally Prüfer).
(ii) A, B satisfy Prüfer-like condition (P n ) (resp. A, B are locally Prüfer rings) and b = B. [8] , [12] , [13] ) and let n ∈ {1, 2, 3, 4, 5}. Then, A ⋊ ⋉ a satisfies Prüfer-like condition (P n ) (resp. A ⋊ ⋉ a is a locally Prüfer ring) if and only if A satisfies Prüfer-like condition (P n ) (resp. A is a locally Prüfer ring) and a = A. Proof. Let T be an indeterminate over A and a := (a 0 , . . ., a n ) be a regular and finitely generated ideal of A. Consider the polynomial p(
Proof. (ii)=⇒ (i). By (ii),
. Pick a regular element a ∈ a. Then, keeping in mind that f (Reg(A)) ⊆ Reg(B), it is easily checked that (a, f (a)) is a regular element of the finitely generated ideal a ⋊ ⋉ := ((a 0 , f (a 0 )) , . . ., (a n , f (a n )) of A ⋊ ⋉ f b. Since A ⋊ ⋉ f b is a Prüfer ring, it follows that a ⋊ ⋉ is an invertible ideal of A ⋊ ⋉ f b, and thus the polynomial
Since p A is a ring retraction ([9, Remark 4.6]), it follows that p(T ) is a Gauss polynomial over A, by Lemma 4.1. Thus its content, that is exactly the regular ideal a, is invertible, by [31, Theorem 6] . This completes the proof. Proof. Let d := Ker(φ) and let a, b, c be ideals of B. To prove the equality a(b ∩ c) = ab ∩ ac, it sufficies to show that ab ∩ ac ⊆ a(b ∩ c). If x ∈ ab ∩ ac, then there are elements a i ∈ a, b i ∈ b, α j ∈ a, c j ∈ c, with i ∈ {1, . . ., n}, j ∈ {1, . . ., m}, such that x = n i=1 a i b i = m j=1 α j c j . For each i ∈ {1, . . ., n}, j ∈ {1, . . ., m}, choose elements
, and set a
Keeping in mind Theorem 2.6 and the fact that d is a regular ideal of A, we have
Now the first statement is clear. The fact that B is a Prüfer ring follows by the previous statement and Theorem 2.6. (
Proof. It sufficies to apply Propositions 2.1(3) and 4.4. Now, we will give sufficient conditions to make A ⋊ ⋉ f b a total ring of fractions (and, in particular, a Prüfer ring). 
is a total ring of fractions (and it is, in particular, a Prüfer ring).
Proof. Let (a, f (a) + b) be a non invertible element of A ⋊ ⋉ f b. The goal is to show that (a, f (a)+b) is a zerodivisor of A ⋊ ⋉ f b. Since b ⊆ Jac(B), by Proposition 2.5 it follows that
Thus, there exists a maximal ideal m of A such that (a, f (a) + b) ∈ m ′ f , that is a ∈ m. Since A is a total ring of fractions, it follows that a is a zerodivisor of A. Hence, we can pick a nonzero element α ∈ A such that aα = 0. The following two cases may occur.
• Proof. By Proposition 2.5, we have
Keeping in mind Proposition 2.5 (7) and that (1) follows by definition. Statement (2) follows by noting that the property of being Gauss, for a ring, is local. 
It follows that the structure of A−module given to b by ι is the same structure induced on A ⋊ ⋉ f b by f . Since ι is finite and b is a coherent A−module, by [27, Corollary 1.1] it follows that b is a coherent
Thus ι induces on A its natural structure of module over itself. Since A, by assumption, is a coherent ring, it follows that it is a coherent Proof. Apply Theorem 4.12, Proposition 4.11((ii)=⇒(i)) and Proposition 4.14, keeping in mind that, if A is a Noetherian ring, an A−module is coherent if and only if it is finitely generated.
Recall that an integral domain A is almost Dedekind if A m is a DVR for each maximal ideal m of A. Thus, in particular, an almost Dedekind domain is a Prüfer domain.
Example 4.16. Let A be a non-Noetherian almost Dedekind domain having at least two distinct principal maximal ideals m := (m), n := (n) (such a domain exists, see [17] ), set B := A/(m ∩ n), let f : A −→ B be the canonical projection and set b := m/(m ∩ n). Trivially, f −1 (b) = m and, since f (n) ∈ S m , it follows that b Sm = {0}. Let n := n/(m ∩ n) be the unique maximal ideal of B not containing b. Obviously, the localization B n is isomorphic to the field A/n. Moreover, the natural map p : A −→ b, a → f (am), is clearly A−linear, surjective and Ker(p) = n. This shows that b is finitely presented as an A−module. Then, keeping in mind that A is a coherent ring, being it a Prüfer domain, and applying [7 
